Hamiltonian aspects of Bogoliubov quasiparticles 
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Abstract 

The Bogoliubov particle considered in cond-mat/0507125 admits, contrarily to the claim 



of the authors, an interesting Hamiltonian structure. 
cond-mat/0511099. 

In P Zhang et al. derive, from the small deviation (Bogoliubov) equation for a superfluid 
condensate, a semiclassical model, where position and momentum satisfy 

dh ■ dh 

where h, the energy [to in their # (12)], is a rather complicated function of r and k, that also 
involves a Berry vector potential A = A(q, r), where q = k — A. Eliminating k in favor of 
q and r transforms Q into a more complicated form, (j3J) below, which, Zhang et al. claim, 
would no longer be Hamiltonian and would lead to a a violation of Liouville's theorem on 
the conservation of the phase space volume. These statements stem from a misinterpretation 
of Hamiltonian mechanics 2 . As we show below, the system admits in fact an interesting 
Hamiltonian structure, and the Liouville theorem is not violated : one simply has to use the 
correct phase-space volume. 

Eqns. are Hamiltonian : they correspond to the Hamiltonian h = h(k, r) and to the 
canonical Poisson brackets. But to be Hamiltonian is an intrinsic property of the system that 
can not be lost by a mere change of variables : the error is that the Authors of [J transform the 
Hamiltonian but seem to forget about transforming simultaneously the Poisson structure. 

The situation is conveniently explained working with the symplectic structure f2 = iO^d^ A 
d£P, where £ a are coordinates on the phase space, and O a| g is the inverse of the Poisson matrix 
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_ j^"^/ 3 } J^j. The equations of motion are £l a p£, a = dgh. In canonical coordinates, 
£1 = dk A dr and we get Q. The change of variables (k, r) — » (q, r) takes this into 

= A dr> - iF^dr* A dr», Cfc = <% - Fij = ^-^j. (2) 

C plays the role of an effective mass matrix; the equations of motion become Eq. (13) of PP, 

Cr = ^ -Cq + Fr = ^. (3) 
aq or 

If A was a function of r alone, we would have C = 1, and for /i(q, r) = q 2 /2m + V(r) we 
would recover a particle with unit charge in an electromagnetic field. The q-dependent case is 
more interesting, though. Assuming that the system is regular, det(f2 Q/ g) = [det (Cy)] 2 ^ 0, the 
matrix C = (Cj,-) will be invertible, and the Poisson commutation relations become 

{q\qi} = (C^FC- 1 )^ , {q\ri} = - (C~% , {r\r^} = 0. (4) 

The first of these generalizes the usual momentum-momentum relations in a magnetic field; the 
second modifies the "Heisenberg" commmutation relations of momentum and position. The 
coordinates (Poisson-) commute. The equations of motion (J3J) are also obtained from the Hamil- 
tonian framework as x l = {x l ,H}, q l = {q l ,H} with H(c[,r) = /i(k(q, r), r). 

When det ft = detC 2 = det (1 - <9A/<9q) = 0, the system becomes singular. This case, 
although spurious for the model of pQ, is nevertheless interesting. The equations of motion © 
can indeed remain consistent when dqh = (which fixes q, which are no more dynamical), 
provided the motion follows a generalized Hall law, 

e ijk B k V = -Ei (5) 

where Ei = —dh/dri and Bi = ^tijkFjk are generalized electric and magnetic fields. The 
trajectories are defined by the vanishing of the "Lorentz" force. In this case, the Hamiltonian 
structure Q blows up; Hamiltonian reduction [1] would yield a lower dimensional system. 

Turning to the Liouville theorem, let us emphasise that the volume element of the phase 
space can only be defined through the symplectic form [3], 



dV = Jdet(n a p)Y[dC- (6) 



a 



The pre-factor det (1 — dA/dq) "discovered" by Zhang et al. is precisely the square-root of 
the determinant of the symplectic matrix. It is also the square-root of the Jacobian, J, of the 
transformation from canonical to arbitrary variables, and is hence always present whenever the 
change of variables is non-canonical. Now the Liouville theorem |H] says that the symplectic 
volume element is invariant w.r.t. the Hamiltonian flow. 

In the singular case the Liouville volume form © becomes degenerate. 

Analogous problems were studied before in El ■ 
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